The next-to-leading order QCD corrections for χ bJ , the p-wave bottomonium, to J/ψ pair decay processes are evaluated utilizing NRQCD factorization formalism. The scale dependence of χ b2 → J/ψJ/ψ process is depressed with NLO corrections, and hence the uncertainties in the leading order results are greatly reduced. The total branch ratios are found to be the order of 10 −5 for all three χ bJ → J/ψJ/ψ processes, indicating that they are observable in the LHC and super-B experiments.
I. INTRODUCTION
The advent of non-relativistic Quantum Chromodynamics (NRQCD) factorization formalism causes investigations on heavy quarkonium more reliable [1] , which improves the understanding of strong interaction. It has been noted that for quarkonium production and decay, in many cases the leading order calculation in the framework of NRQCD is inadequate. The discrepancies between leading order calculations and experimental results are rectified by including higher order corrections, which has encouraged various investigations. One typical example is the double charmonium production in B-factory [2] [3] [4] [5] [6] [7] . Furthermore, corrections of higher order in the heavy-quark velocity v are also important in obtaining reliable predictions for quarkonium exclusive decays [8] [9] [10] .
Inspired by the theoretical description of the double charmonium production in Bfactory, the bottomonium to double charmonium decay processes have also been broadly investigated. As in bottomonium to J/ψ pair exclusive decay processes the color-octet contribution is negligible, the theoretical evaluation result is quite explicit in comparison with the experimental data. The decays of η b to double J/ψ [11] [12] [13] [14] , Υ to J/ψ + χ cJ [15] , and χ bJ to double J/ψ [16] [17] [18] had been thoroughly investigated. The process χ bJ → J/ψJ/ψ(J = 0, 2) was evaluated in the frameworks of NRQCD and light cone distribution amplitude at the leading order in α s expansion, except χ b1 → J/ψJ/ψ process. In order to make the prediction more accurate and reduce the renormalization scale dependence, it is essential to evaluate the process with the NLO QCD corrections.
In this aim, we calculate in the work the Next-to-Leading order(NLO) QCD corrections to the P-wave bottomonium χ bJ decays to double J/ψ in the framework of NRQCD.
We obtain the completely analytical results for these three χ bJ → J/ψJ/ψ one loop processes.
The rest of this paper is organized as follows. Section II presents the strategy and formalism for the study of χ bJ → J/ψJ/ψ processes. Section III comprises numerical calculation and discussion on the results. Section IV gives a summary and some conclusions. Several formulas are provided in the Appendix for reference. In the calculation, we use Mathematica package FeynArts [19] to generate all the Feynman diagrams and decay amplitudes. Certain typical representative diagrams are shown in Fig.1 . All the projection operators for quarkonium in this work may be found in Ref. [20, 21] . For the spin-triplet color-singlet state, the matrix product is expressed as:
Here
− q respectively are the momenta of quark and antiquark, ǫ * is a spin polarization vector,
, and 1 c represents the unit color matrix. For the spin-singlet and color-singlet state, the projection operator may be obtained by replacing the ǫ * S in (1) with a γ 5 .
Using the method described in [21] and applying FeynCalc [22] to the calculation of amplitudes, the tree-level results are readily obtained. For One-loop QCD corrections, more operations are necessary before arriving at the final result. For χ b0 and χ b2 decays to the double J/ψ processes, there are 2 tree-level diagrams, 76 one-loop diagrams and 14 counter terms. While for the χ b1 → J/ψJ/ψ process, the contribution of gluon selfenergy, triangle and four box diagrams vanish, and there are only 44 one-loop diagrams functioning. The ultra divergences are proportional to tree level amplitudes, hence they vanish for χ b1 → J/ψJ/ψ process and hence no counter term is necessary.
In the calculation, Feynman diagrams and amplitudes are generated by FeynArts.
FeynCalc is used to trace the matrices of spin and color, and to perform the derivation on the heavy quark relative momentum q within quarkonium. The Mathematica package Apart [23] reduces the propagator of each individual one-loop diagram. The package Fire [24] is employed to reduce all one-loop integrals to typical master-integrals.
The calculation is performed in the Feynman gauge, while the Conventional dimensional regularization with D = 4 − 2ǫ is adopted in regularizing the divergences. In the end, ultraviolet divergences are completely canceled by counterterms, the Coulomb singularities are factored and attribute to the NRQCD long-distance matrix elements, and those infra divergences of short-distance coefficients cancel with each other, which confirms the NRQCD factorization for these processes at the NLO order.
In the expansion of strong coupling constant α s , decay width is formally expressed as:
For χ b0,2 → J/ψJ/ψ processes, up to the one-loop level, one only needs to keep the the first and second terms. For χ b1 → J/ψJ/ψ process, the tree level amplitude does not exist, and hence the leading order contribution comes from the one-loop amplitudes. By virtue of parity and Lorentz invariance, the decay amplitude for χ b1 → J/ψJ/ψ can be constructed as following tensor structure:
where P ψ 1 and P ψ 2 are the momenta of two final J/ψs, ǫ denotes the polarization vector, and A is a scalar function of m b and m c .
The ultraviolet and infrared divergences are contained in the renormalization constants Z 2 , Z 3 , Z m , Z g , correspond respectively to the quark field, gluon field, quark mass, and strong coupling constant α s . Among them, in our calculation the Z g and Z 3 are defined in the modified-minimal-subtraction MS scheme, while others are in the on-shell (OS) scheme. Thereafter, the counter terms read:
Note that since the tree level contribution for χ b1 → J/ψJ/ψ vanishes, the infrared divergences of short-distance coefficients appearing in the one-loop diagrams cancel with each other, and no ultraviolet divergences appear, this process is naturally finite in the next-to-leading order. The analytical results for the χ bJ → J/ψJ/ψ decay widths up to the one-loop level are given in the Appendix for reference.
III. RESULTS AND DISCUSSION

A. Input parameters
Before carrying out numerical calculation, the input parameters need to be fixed. For the NRQCD matrix elements, those from Refs. [18, 25] , i.e. O 1 χ bJ = 2.03 GeV 5 and The masses of quarkonia are obtained from the PDG [26] , which read M χ b0 = 9.859 GeV, M χ b1 = 9.892 GeV, M χ b2 = 9.912 GeV, M J/ψ = 3.097 GeV. The two-loop expression for the running coupling constant α l s (µ) with n l the number of light active flavors reads
Here,
with Λ QCD to be 339 MeV and n l = 3, the number of light active flavors (m q ≪ µ). For numerical calculation in this work, the renormalization scale is about the order of m c , and the strong coupling constant involves four active flavors, three light flavors and a massive flavor, the charm quark. Using a matching relation one may transit a running in terms of three active light flavors to a running in terms of four active flavors [26] , i.e.,
We take the two loop results for this expansion with the coefficients c ni are c 11 = s (µ) is adopted in our numerical calculation and theβ 0 in counter terms {δZ 3 , δZ g } is expressed as
B. Results and Discussion
After substituting the input parameters in the preceding subsection to the analytical expressions, the numerical results are readily obtained. The magnitudes of the decay widths for χ bJ → J/ψJ/ψ are presented in Table I, In Figure 2 we show the renormalization scale dependence of the leading order and the next-to-leading order decay widths of χ b0,2 → J/ψJ/ψ processes. For these two processes, the decay widths are proportional to α 4 s (µ) at the Born level, therefore having strong scale dependence. Fig. 2 exhibits that the µ dependence for χ b0 → J/ψJ/ψ is still evident with the NLO QCD corrections, while for χ b2 → J/ψJ/ψ the µ dependence is substantially suppressed by the NLO QCD corrections. Note that for χ b1 → J/ψJ/ψ process, since the tree diagrams make null contribution, the effective leading order di- In Table II the theoretical predictions and experiment measurements for processes of p-wave bottomnium decays to J/ψ pairs are given. Of our calculation, the next- The last row shows the branching ratio upper limits set by the Belle experiment [27] . to-leading order ones, there exist three main sources of uncertainties, i.e. from the uncertainties in charm quark mass, bottom quark mass and the variation of renormalization scale. Note that in practice the uncertainty in quarkonium non-perturbative matrix element also has a big effect in the calculation, whereas this effect is attributed to the charm quark mass through relation O 1 J/ψ = 0.20GeVm 2 c in our investigation as mentioned in above.
Once the Belle Collaboration had measured the χ bJ → J/ψJ/ψ processes and obtained the corresponding upper limits for branching ratios at the 90% confidence level [27] , which, as shown in the Table II, are compatible with our estimations, i.e. at the order of 10 −5 . Though no significant signals for χ bJ → J/ψJ/ψ have yet been observed at the B-factory, from our calculation, they might be observed at the LHC or future Super-B factory. According to Ref. [28] , while √ s = 14TeV the production cross sections of χ b0 and χ b2 at the LHC with are σ(pp → χ b0 + X) = 1.5µb and σ(pp → χ b2 + X) = 2µb, respectively. In 2012, the luminosity of LHC was about 50fb −1 , so about 7.5 × 10 10 χ b0 and 10 11 χ b2 were produced per year even at such luminosity. This means that approximately thousands of χ b0,2 → J/ψJ/ψ → l + l − l + l − (l = e or µ) processes happen each year at the LHC. As an example, the LHCb detector covers a range of pseudo-rapidity 2 < η < 5, and for the dimuon event it requires the transverse momenta of the produced muon pair satisfying √ p T 1 p T 2 > 1.3 GeV [29] . Obviously, most of the events of the concerned processes satisfy this requirement, hence the high detection efficency and the substantial possibility of measuring the χ bJ → J/ψJ/ψ processes at the LHC.
IV. SUMMARY AND CONCLUSIONS
This work features a complete one-loop calculation for χ bJ → J/ψJ/ψ exclusive decays in the framework of NRQCD factorization. All infra divergences of short-distance coefficients are canceled out and hence confirms the NRQCD factorization in these pro- . The leading order decay widths for χ b0,2 → J/ψJ/ψ are formulated as:
with M 0 LO = 1048576(1 − 4a + 12a 2 )/3 and M 2 LO = 524288(13 + 56a + 48a 2 )/3 for χ b0,b2 → J/ψJ/ψ processes, and
for χ b1 → J/ψJ/ψ process. Here,
The NLO decay widths are formulated as :
Here, 
